Using the method of shape invariant potentials, a number of exact solutions of one dimensional effective mass Schrödinger equation are obtained. The solutions with equi-spaced spectrum are discussed in detail.
The paper is organized as follows. In section 2 we review the method of SIPs and its generalized form for effective mass Schrödinger equation. In sections 3 and 4 we study two main classes of generalized shape invariant potentials(GSIPs) corresponding to special choices for the parameter dependence of the potential. Such parameter dependence have been considered to obtain SIPs for ordinary Schrödinger equation in reference [5] and references therein. Due to the importance of quantum systems with equi-spaced energy levels, we investigate them separately in each case. Section 5 is devoted to summary and concluding remarks.
Generalized Shape Invariant Potentials (GSIPs)
In this section we review the method of SIPs for effective mass Schrödinger equation. Consider an eigenvalue problem given by
where H is given by
Here m(x) is the position depended effective mass and V (x) is the potential.
Suppose that the minimum eigenvalue of H is E 0 . Let us define a new Hamiltonian H 1 := H− E 0 . The Hamiltonian H 1 can be written in the following form
in which V 1 (x) = V (x) − E 0 . The ground state energy of H 1 is zero, i. e. the spectrum of H 1 is non negative. Consequently the Hamiltonian H 1 can be assumed to be
where A is a first order differential operator of the form
Inserting A from Eq. (5) in Eq. (4) and comparing the result with Eq. (3) one gets
Here, a ' ′ ' indicates the derivative with respect to x. Eq. (7) is a generalization of the well known Riccati equation. We call the solution of this equation [5] , W (x), the superpotential.
Next we define the Hamiltonian H 2 as follows
Then the potential V 2 (x) reads
The Hamiltonian H 2 is called the supersymmetric partner of H 1 [5] . It can be easily shown that 
Using Eq. (8) it is easily seen that Aψ 1 (x) is an eigenfunction of H 2 with eigenvalue E 1 , provided that ψ 1 (x) is not the ground state wave function.
One can repeat the above procedure for H 2 and get the supersymmetric partner of H 2 . Then one arrives at a hierarchy of Hamiltonians which their spectrum are essentially the same. Now suppose that the potentials V 1 (x) and V 2 (x) depend on some parameters which we show them in a compact form by a. The shape invariance condition is
where a 2 = F (a 1 ) is a function of a 1 and R(a 1 ) is independent of x. If these conditions are fulfilled, the spectrum of H 1 can be found algebraically [5] :
In what follows, we use this method to find the exact solutions of effective mass Schrödinger equation considering the super potentials in the ansatz:
Inserting W (x, a) from Eq. (13) in Eqs. (7) and (9), the shape invariance condition (11) gives
Before starting to study Eq. (14), we make a definition for the future convenience:
There is also a comment in order on the square integrability of the wave functions. According to Eq. (4) the ground state of H 1 is given by Aψ 0 (x) = 0. This, together with definition (5) leads to
Then the square integrability of ψ 0 (x) leads to
This condition puts some restrictions on acceptable W (x) and U (x). In fact the following condition must be fulfilled
U (x) has definite signs for x → ±∞, then there is a simple condition which guarantees Eq. (18) [14] . Let us define
Then, to fulfill Eq. (18), it is sufficient that
It can be shown that this condition also ensures the square integrability of excited states wave functions [5] .
3 GSIPs of type
In this section we consider GSIPs whose superpotentials are of the form
This means that in Eq. (13) we have put g(x) = 1 and h(x) = 0. Then the shape invariance condition gives
In this equation U (x) and f (x) are independent of parameter a 1 . Therefore there are only two ways for Eq. (22) to be consistent. The first way is that
Then the superpotential is given by
. Therefore in this case a 2 is an arbitrary function of a 1 provided R(a 1 ) = a 2 1 − a 2 2 > 0 to ensure that the energy eigenvalues are non negative.
The second way is that a 1 − a 2 and (a 2 2 − a 2 1 ) + R(a 1 ) be independent of parameter, i. e.
where α and R 0 are some real constants. Using these conditions and defining u(x) := U ′ (x) − 2f (x) we can write Eq. (22) in the following form
Before trying to solve this equation let us have a look at the spectrum of H 1 . The energy eigenvalues of H 1 are given by
This equation shows that for α = 0 the energy levels are equi-spaced. Due to the importance of systems with equi-spaced energy levels we consider two distinct cases corresponding to α = 0 and α = 0 separately. We call solutions with equi-spaced energy levels oscillator like solutions.
Oscillator like Solutions
For α = 0 Eq. (25) gives
where Y (x) is defined by Eq. (15). Therefore the superpotential is
and the potential V 1 (x, a 1 ) is given by
in which
The energy eigenvalues are E n = nR 0 , n = 0, 1, 2, · · · . Since the energy eigenvalues are non negative we should have R 0 > 0. because the energy eigenvalues are non negative.
Now we can obtain the zero energy eigenstate using Eq. (16)
It can be easily verified that the ground state wave function is normalizable i. e. Eq. (17) is fulfilled. The results of this subsection is summarized in table 1.
Examples
= const, the system is a harmonic oscillator; the most simple system with equi-spaced energy levels.
The effective mass and potential are given by
Example 3: For U (x) = 1 cosh x we have Y (x) = sinh x and m(x) = 1 2 cosh 2 x. This form of position dependent mass is considered by some authors in graded alloys [10] . The potential is given by
Exponential Solutions
If α = 0, by redefinition of the function f (x) and the parameter a we can put R 0 = 0. The redefinition is given by the following equations
Under this redefinition, W (x, a) does not change but R(a 1 ) changes as
and Eq. (25) can be rewritten as
We conclude that for α = 0 one can always put R 0 = 0. The solution of Eq. (38) is
We call these solutions, exponential solutions. The superpotential W (x, a) is therefore
and the potential is given by
in which V 0 (x) is defined in Eq. (30). The energy eigenvalues are
The ground state which is given by Eq. (16) takes the following form
The above results are summarized in the table 2.
Examples
Example 1: U (x) = U 0 = const. With this choice for U (x) we arrive at the Morse potential for ordinary Schrödinger equation which is a well known SIP [5] . 
GSIPs of Type
This ansatz is obtained putting h(x) = 0 in Eq. (13) . Applying the shape invariance condition we arrive at
Assuming that a 1 − a 2 = α, one gets
, and α are parameter independent, we conclude from the above equation
In the same way Eq. (50) implies that
Therefore energy eigenvalues are
Using Eq. (51) in Eq. (49) one finds
where u(x) = U ′ (x) − 2f (x). Eq. (53) indicates that for αC 2 = 0 the energy eigenvalues are equi-spaced. In the following we discuss three different families of solutions corresponding to αC 2 = 0, αC 2 > 0, and αC 2 < 0.
Oscillator like solutions (αC 2 = 0)
These are solutions with equi-spaced spectrum (see Eq. (53)). Three different cases can be realized as follows, Case 1: α = C 2 = 0. In this case according to Eq. (51), g(x) should be a constant function of x. We have discussed this case in section 3.
Case 2: α = 0 and C 2 = 0. In this case Eqs. (51) and (54) are easily solved and we get
One can redefine the parameter a as a →ã =
The results are summarized in the table 3.
Case 3: α = 0 and C 2 = 0. In this case from Eq. (51) one finds
Then substituting this solution in Eq. (54) we have
where C 3 is a constant. In fact C 3 is not so important and can be absorbed in the parameter a.
See table 4 4.2 Trigonometric Solutions (αC 2 > 0)
Putting k := √ C 2 α it is straightforward to solve Eqs. (51) and (54) to get
and
Then the superpotential is obtained:
Redefining the parameter a as
we haveα :=ã 1 −ã 2 = −k. Using this redefinition one can write the general form of superpotential as
where
2 . The energy eigenvalues are given by
Finally the ground state is given by
It is remarkable that for U (x) = const. the above solution reduces to the Scarf I potential which is a SIP for ordinary Schrödinger equatioin [5] . The results of this subsection is summarized in table 5 4.3 Hyperbolic Solutions (αC 2 < 0)
Considering the definition k := √ −C 2 α one can solve Eqs. (51) and (54) to get
Then the superpotential can be found as
Now we redefine the parameter a as
After this redefinition of a we haveα :=ã 1 −ã 2 = k. Therefore the general form of superpotential can be given as
and the ground state is
For U (x) = const. the above solution reduces to the Scarf II potential which is a SIP for ordinary Schrödinger equatioin [5] . The results of this subsection are summarized in table 6 5 Concluding Remarks
In this paper we studied exact solutions of effective mass Schrödinger equation using the mathod of shape invariant potentials. We considered an ansatz in which the superpotential takes the form
Assuming h(x) be vanishing, the exact solutions for the Schrödinger equation are studied and a wide class of solutions with equi-spaced spectrum are obtained. Following the general arguments of the paper, it can be verified that if h(x) is non-vanishing then it should be simply a constant.
In this case the shape invariance condition requires m(x) to be constant. Thus if h(x) = 0, one obtains the SIPs for the ordinary Scrödinger equation. The main results of the this study are summarized in tables 1 -6.
Energy eigenvalues E n = nR 0
Ground state 
Energy eigenvalues E n = αn(2a 1 − αn) Table 6 : GSIPs of type W (x, a) = ag(x) + f (x); Hyperbolic solutions
